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Abstract
We define a quiver to be rigid if all the associated truncated quiver algebras are rigid. The rigidity of
quivers is then determined by the combinatorics of the set of pairs of parallel paths of the underlying quiver
as follows from Cibils’ criteria for the rigidity of truncated quiver algebras.
In this paper we characterize rigid quivers Δ and relate this characterization with the condensed quiver
and the quiver of beads of Δ, two much simpler quivers associated to Δ. The first one is a well-known
object and the second one is introduced by us to this end.
© 2008 Elsevier Inc. All rights reserved.
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1. Introduction
If A is a finite-dimensional k-algebra and k˜ = k((x)) is the power series field in one variable,
a one-parameter family of deformations of A is a k˜-algebra structure
F : A˜ ⊗k˜ A˜ −→ A˜,
over the k˜-vector space A˜ = k˜ ⊗k A, where F is the unique extension of a k-linear map
f :A ⊗k A −→ A˜,
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f (a ⊗ b) = ab + xf1(a ⊗ b) + x2f2(a ⊗ b) + · · ·
for some k-linear maps fi :A ⊗k A −→ A.
Definition 1.1. A finite-dimensional algebra A is rigid if any one-parameter family of deforma-
tions of A is isomorphic over k to the trivial one, obtained when fi = 0 for all i.
A classical result of Gerstenhaber [G] states that if H 2(A;A) = 0, then A is rigid. The con-
verse is false in general (see [GS]). In the paper [C], Cibils studied rigidity for truncated quiver
algebras A = kΔ/IN , where Δ is any finite quiver, I is the ideal generated by the arrows of Δ
and N  2. He described H 2(A,A) in terms of parallel paths of Δ, proved that A is rigid if and
only if H 2(A,A) = 0, and showed that this is equivalent to the following vanishing conditions.
(1) Δ has no loops.
(2) There is no connected component of Δ which is an oriented crown of length N .
(3) There are no parallel paths of lengths N − 1 and N .
(4) There are no medal classes of parallel paths of lengths p and N with 0 < p < N − 1.
The combinatorics involved in the conditions above is very sensitive to the natural number N .
A given quiver may satisfy them for N and not for N + 1 or vice versa, or may satisfy them for
only one N or for all but one N . Consequently, it is natural to ask what is the distinguished class
of quivers or path algebras for which all the associated truncated algebras are rigid. This leads us
to make the following definition.
Definition 1.2. A finite connected quiver Δ is rigid if all the associated truncated quiver algebras
are rigid.
The connection of rigidity of quivers and Cibils’ conditions is straightforward after noticing
that the crown of length N has medal classes.
Cibils’ conditions. A quiver Δ is rigid if and only if
(1) Δi//Δi+1 = ∅, for all i  1.
(2) Δi//Δj has no medals for all j > i  1.
Now a rigid quiver contains the combinatorial core shared by a whole class of rigid algebras.
The aim of this paper is to study in deep and systematically the combinatorics of quivers in
regard to these conditions with the goal of characterizing rigid quivers.
In our presentation a starting point is the key observation that strong quivers, but crowns,
have no medals at all (see Section 2.5). Thus, we first study rigidity for strong quivers, those in
which for every pair of vertices there are two paths joining them in both directions. We prove in
Theorem 4.10 that a strong quiver Δ is rigid if and only if the maximal common divisor of all
oriented cycles of Δ is grater than 1. This follows readily after proving that Δ is rigid if and only
if it has a structure of an oriented necklace, a concept that is introduced in Section 4.
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arbitrary quiver Δ in Section 5. We find that in a given medal class in Δ, the presence or absence
of a pair of parallel paths admitting infinitely many consecutive movements in the same direction
determines strongly the combinatorics of the medal class. Hence we split the set of all medals
of Δ into two disjoint families, that of unrestricted medals and that of restricted medals.
In Theorems 5.5 and 5.7 we characterize and parametrize the sets of unrestricted and restricted
medals of Δ respectively. It follows that the existence of restricted medals is determined by
the existence of a source joined with a sink by paths of different lengths and the existence of
unrestricted medals is determined by the existence of a crown of finite range. These two theorems
combined give a complete description of the set of medals of Δ. As a consequence we give in
Corollary 5.9 a criterion to decide whether or not a given quiver Δ has medals by considering its
condensed quiver ΔC .
Finally we combine the results of Sections 4 and 5 to obtain a complete characterization of
rigid quivers. This is achieved by introducing the quiver of beads ΔB associated to Δ, a quiver
that may be regarded as an intermediate object in the condensation process that leads to the
condensed quiver ΔC . Indeed, ΔC = (ΔB)C . We prove in Theorem 6.8 that Δ is rigid if and only
if ΔB is rigid.
The results of this paper allow one to decide whether a given small quiver (say a depicted
quiver) satisfy Cibils’ conditions (1) and (2) by just a glance. For arbitrary quivers it should be
possible to check Cibils’ conditions by running DFS (depth first search) algorithm twice.
2. Preliminaries on quivers, parallel paths and medals
2.1. Basic concepts
Let Δ be a finite connected quiver. The sets of vertices and arrows of Δ are Δ0 and Δ1
respectively. A subquiver of Δ is a quiver Γ such that Γ0 ⊆ Δ0 and Γ1 ⊆ Δ1.
To each arrow v ∈ Δ1 one associates two vertices, its origin o(v) and its terminus t (v). A ver-
tex is a sink if it is not the origin of any arrow and it is a source if it is not the terminus of any
arrow.
A path α of Δ is a sequence of arrows α = v1 . . . vn such that t (vi) = o(vi+1) for i =
1 . . . n − 1. Its length |α|, is the number of arrows of it and in particular always a positive in-
teger. The set of paths of length n is denoted by Δn. For a path α = v1 . . . vn we set o(α) = o(v1)
and t (α) = t (vn). An oriented cycle of Δ is a path α such that o(α) = t (α).
Given a path α, the underlying quiver of α is the subquiver formed by all the arrows of α and
all their origins and terminus.
2.2. Crowns
For each m ∈ N, the crown C(m) of size m is the quiver with vertices C(m)0 = {c1, . . . , cm}
and arrows C(m)1 = {v1, . . . , vm}, with o(vi) = ci , t (vi) = ci+1 for i = 1, . . . ,m − 1,
o(vm) = cm and t (vm) = c1. For instance the crown C(1) is a single vertex with a loop and
the crown C(4) is
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2.3. Parallel paths
Two paths α ∈ Δi and β ∈ Δj are parallel, if o(α) = o(β) and t (α) = t (β). The set of pairs
of parallel paths of lengths i and j is
Δi//Δj =
{
(α,β): α ∈ Δi, β ∈ Δj and α is parallel to β
}
.
If (α,β) ∈ Δi//Δj and n = |i − j | we will say that (α,β) is a pair of n-parallel paths.
2.4. Movements and extremes
A pair (α,β) of parallel paths is said to start together if they have the first arrow in common,
and they are said to end together if they have the last arrow in common.
Parallel paths that start together and do not end at a sink can be pushed forward. More
precisely, if (α,β) is a pair of parallel paths that start together, then α = vγ , β = vδ with
v ∈ Δ1 and t (α) = t (β). Then any pair (α˜, β˜) satisfying α˜ = γw, β˜ = δw, with w ∈ Δ1 and
o(w) = t (α) = t (β) is a called a +movement of (α,β). Analogously one defines −movements.
A pair of parallel paths (α,β) is said to be a +extreme (−extreme) if it does not admit any
+movement (−movement). Therefore, a pair of parallel paths (α,β) is a +extreme if and only if
it ends at a sink or it does not start together (both might occur simultaneously). Analogously one
characterizes −extremes. A pair of parallel paths (α,β) is an extreme if it is either a +extreme
or a −extreme.
2.5. Medals
Two pairs of parallel paths (α,β) and (γ, δ) in Δi//Δj , i, j  1, are said to be equivalent
if there exist a finite sequence of +movements and −movements carrying (α,β) to (γ, δ). The
class of a pair (α,β) will be denoted by [(α,β)]. Note that all pairs in a class are n-parallel paths
for the same n.
A medal of Δ is an equivalence class in Δi//Δj with 1 i < j , such that all its +extremes
end at a sink and all its −extremes start at a source.
If Δ is a crown, then no class of parallel paths has an extreme, and thus every class in Δi//Δj ,
with 1 i < j , is a medal. In contrast, if Δ is not a crown all classes of parallel paths of different
lengths have an extreme. It follows in particular that if Δ has neither sinks nor sources, and
it is not a crown, then it has no medals at all (see [ACT, §8]). The following two examples
illustrate this definition and turn out to be very relevant in the classification of medals carried out
in Section 5.
Example 1. Let Δ be the quiver
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α1 = w2w3δw9, α2 = w2w3δ,
β1 = w2v3v4δw9, β ′1 = w2w3v1v2w3δw9, β2 = w2v3v4δ.
It is clear difficult to see that both [(α1, β1)] and [(α1, β ′1)] are medals (both classes have only
two elements). In Section 5 we shall see that they fall into the class of restricted medals:
those for which all its pairs admit only a finite number of consecutive movements in the same
direction. On the other hand, after pushing forward (α2, β2) once and then pulling it back-
wards along the oriented cycle w3v1v2, we see that (α2, β2) is equivalent to the −extreme
(w3v1v2w3v1v2w3,w3v1v2w3v1v2v3v4) that do not start at a source. Thus [(α2, β2)] is not
a medal.
Example 2. Let Δ be the same quiver considered above, but with the arrow w3 removed, that is
Let γ be the primitive oriented cycle γ = v1v2v3v4 of the crown of Δ. Then, although the pair
(γ 2, γ 3) admits both infinitely many consecutive +movements and infinitely many consecutive
−movements, it is easy to see that [(γ 2, γ 3)] is a medal. In Section 5 we shall see that it falls into
the class of unrestricted medals: those containing a pair admitting infinitely many consecutive
movements in the same direction.
On the other hand after pushing forward (γ, γ 3) four times along w4w5w6w7 we see that
(γ, γ 3) is equivalent to the +extreme (w4w5w6w7, γ 2w4w5w6w7) that do not end at a sink and
hence (γ, γ 3) is not a medal.
Finally note that [(γ 2, γ 3)] would have been equivalent to a +extreme not ending at a sink
(and thus not a medal) in the quiver of Example 1.
2.6. Strong components
A quiver Δ is strongly connected or strong, if for every pair of different vertices p and q there
are two paths, one from p to q and another one from q to p. If Δ consists of a single vertex, with
or without loops, it is strong. A strong component of Δ is a maximal strong subquiver of Δ.
It is straightforward to see that every vertex of Δ belongs to exactly one strong component
and an arrow lies in one strong component or in none, depending on whether or not it is in some
oriented cycle of Δ.
We shall say that two strong components are linked if there exists a path starting at a vertex
of one of them and ending at a vertex of the other one.
2.7. The condensed quiver
Given a quiver Δ we associate to it a quiver ΔC , called the condensed quiver of Δ, with the
strong components C1, . . . ,Cm of Δ as its vertices, with an arrow from Ci to Cj , if there is at least
one arrow in Δ from a vertex in Ci to a vertex in Cj .
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There is a natural projection ΠC :Δ −→ ΔC , sending vertices to vertices and arrows to arrows
which extends to a projection of paths as well. If α is a path of Δ, clearly |ΠC(α)| = |α|. Observe
that given a path μ = v1 . . . vr of ΔC it may not exist any path α of Δ such that ΠC(α) = μ.
However, it always exists a path α of Δ such that ΠC(α) is equal to μ except for some loops,
that is
ΠC(α) = v1 . . . vi1 l1vi1+1 . . . vi2 l2vi2+1 . . . vik lkvik+1 . . . vr (2.1)
for some loops lj of ΔC and some 0 i1 < · · · < ik  r .
Given a path μ = v1 . . . vr of ΔC , a path α of Δ satisfying (2.1) is called a lifting of μ.
2.8. Range of a subquiver
Let Γ be a subquiver of Δ. A path leaving Γ is a path α = v1 . . . vt of Δ with o(α) ∈ Γ0 and
v1 /∈ Γ1. Similarly, a path reaching Γ is a path β = v1 . . . vs of Δ with t (β) ∈ Γ0 and vs /∈ Γ1.
The maximal length of a path leaving (resp. reaching) Γ , possibly infinite or zero, is called the
+range (resp. −range) of Γ and denoted by Rg+(Γ ) (resp. Rg−(Γ )). The range of Γ , Rg(Γ ),
is the maximum of its +range and its −range. The subquiver Γ is of finite range if its range is
finite.
Observe that the only subquiver Γ of a strong component that might be of finite range is the
whole component. In turn, a strong component is of finite range if and only if it is linked only to
strong components consisting a single vertex and no loops.
In this paper, crowns of finite range play a central role. The following pictures show 6-crowns.
In the first two examples the crowns are of finite range. In the other two examples, the crowns
are not of finite range. Note that in the last example there are two different 6-crowns, neither of
them of finite range.
2.9. Quasi-sinks and quasi-sources
The concept of range can be considered for the particular subquiver consisting only of a single
vertex. It is then clear that a vertex p is a sink (resp. a source) if and only if Rg+(p) = 0 (resp.
Rg−(p) = 0). We extend the concepts of sinks and sources by defining a quasi-sink (resp. quasi-
source) as a vertex p such that Rg+(p) (resp. Rg−(p)) is finite.
2.10. Basin of a subquiver
We close this section by introducing basins, a weaker concept than strong components. The
basin of a subquiver Γ of Δ is the subquiver Γ of Δ obtained from Γ by adding all vertices and
arrows of all paths leaving or reaching Γ .
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Let A be an associative k-algebra with unit. A classical result of Gerstenhaber [G] states that
if H 2(A;A) = 0, then A is rigid. The converse is false in general (see [GS]). However, in the
paper [C], Cibils studied rigidity for truncated quiver algebras A = kΔ/IN , and proved that A
is rigid if and only if H 2(A,A) = 0. Moreover he proved the following theorem (see [C, Theo-
rem 5.1]).
Theorem 3.1. Let k be a field, Δ be a quiver and N  2. The truncated quiver algebra A =
kΔ/IN is rigid if and only if the following N -vanishing conditions hold for Δ.
(1) Δ has no loops.
(2) There is no connected component of Δ that is the crown C(N).
(3) ΔN−1//ΔN = ∅.
(4) Δ has no medals in Δi//ΔN for all 0 < i < N − 1.
Without loss of generality we will consider from now on only connected quivers. This theorem
lead us to introduce the following definition.
Definition 3.2. A connected quiver Δ is said to be rigid if it satisfies the following two conditions:
(1) Δi//Δi+1 = ∅, for all i  1.
(2) Δi//Δj has no medals for all j > i  1.
It is immediate that we have the following theorem.
Theorem 3.3. A connected quiver is rigid if and only if all truncated quiver algebras associated
to it are rigid.
It is worth mentioning that there are nonrigid quivers such that such that for some particular N ,
the associated N -truncated quiver algebra is rigid. For instance, the crown C(m) is not rigid,
however the N -truncated cycle algebra associated to it is rigid if and only if N < m.
Examples and facts.
(i) If Δ has a loop, then it is not rigid. In fact Δi//Δi+1 	= ∅, for all i  1.
(ii) If Δ has one vertex, then it is rigid if and only if it has no arrows (loops). This follows from
the previous item.
(iii) A crown C = C(m) is not rigid for all m ∈N. As we pointed out in Section 2.5, every class
in Ci//Cj , with 1 i < j , is a medal. Note that in order to have Ci//Cj 	= ∅ it is necessary
that j = i + km with k  1.
(iv) It was also pointed out in Section 2.5 that if Δ is not a crown then all classes of parallel
paths of different lengths have an extreme. In particular, if a quiver Δ has the following
three properties
(a) Δ is not a crown,
(b) Δ has neither sinks nor sources (for instance if it is strong), and
(c) Δi//Δi+1 = ∅, for all i  1,
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(v) Finally we present the following examples with the aim of illustrate how sensitive the notion
of rigid quiver is.
The goal of this paper is to characterize all rigid quivers. Since strong quivers is a class simpler
to consider, we devote to them the following section.
4. Rigid strong quivers, necklaces and beads
In this section we characterize rigid strong quivers. We will prove in Theorem 4.10 that
a strong quiver Δ is rigid if and only if the maximal common divisor of all oriented cycles
of Δ is greater than 1. In addition we will also prove that this, in turn, is equivalent to have in Δ
a structure of oriented necklace, a concept that is introduced in the following subsection.
4.1. Necklaces and the invariant κ
Definition 4.1. A quiver Δ has a structure of an oriented k-necklace, or simply is an oriented
k-necklace, if the set of vertices Δ0 can be decomposed as a disjoint union
Δ0 = B1 ∪ · · · ∪Bk,
with k > 1 such that the arrows of Δ are only from a vertex in Bi to a vertex in Bi+1, 1 i < k,
or from Bk to B1. The sets Bi are the k-beads of the oriented k-necklace.
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necklace is also a k′-necklace for all divisors k′ > 1 of k. However, if Δ has a structure of an
oriented k-necklace, then the k-beads are uniquely determined up to order.
The crown C(k), k > 1, has an obvious structure of an oriented k-necklace, in which each
k-bead consists of a single vertex. A general oriented necklace looks like
It is clear that two parallel paths in an oriented k-necklace Δ have the same length mod k, and
thus Δi//Δi+1 = ∅. Therefore, since strong quiver has neither sinks nor sources, the following
proposition is clear (see also item (iv) of Section 3).
Proposition 4.3. All strong oriented necklaces, but crowns, are rigid.
We will prove, at the end of this section, the converse of this proposition under the strong
connection assumption.
Definition 4.4. Given an arbitrary quiver Δ and a vertex p of Δ, let
κ(Δ) = gcd{|α|: α is an oriented cycle of Δ},
if Δ has an oriented cycle, or zero otherwise and let
κ(p) = gcd{|α|: α is an oriented cycle at p},
if p is a vertex of some oriented cycle, or zero otherwise.
Remark 4.5.
(1) Since a loop is an oriented cycle of length 1, for any Δ with a loop, κ(Δ) = 1.
(2) If Δ has a structure of an oriented k-necklace and α is an oriented cycle of Δ, then |α| is
a multiple of k and hence k divides κ(Δ).
(3) If p is such that κ(p) 	= 0, then κ(Δ) divides κ(p). Moreover κ(C) divides κ(p) if C is the
strong component of p and κ(Δ) divides κ(C) for every strong component C.
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The only strong quiver Δ for which κ(Δ) = 0 is the quiver consisting of a single vertex and
no loops, therefore for any strong quiver Δ with two or more vertices, κ(Δ) 1.
Theorem 4.6. Let Δ be a strong quiver. Then Δ is an oriented necklace if and only if κ(Δ) > 1.
Moreover, in this case Δ has a structure of an oriented κ(Δ)-necklace.
Proof. If Δ is an oriented k-necklace, then κ(Δ) is a multiple of k. Since k > 1, it follows that
κ(Δ) > 1.
Conversely assume that κ(Δ) > 1. Then Δ has more than one vertex. Let us define the fol-
lowing equivalence relation on the set of vertices Δ0. Given two vertices p and q , p ∼ q if and
only if there exists a path α from p to q such that |α| is a multiple of κ(Δ). It is clear that it
is transitive. Let us prove that it is symmetric. Given p ∼ q , let α be a path from p to q such
that |α| is a multiple of κ(Δ). Since Δ is strong, there exists a path β from q to p. Now αβ
is an oriented cycle and, by definition of κ(Δ), its length is a multiple of κ(Δ). Since |α| and
|α| + |β| are multiples of κ(Δ) so is |β|. Hence q ∼ p and thus ∼ is symmetric. Finally, the
above argument shows that for any p there exists an oriented cycle containing it, whose length
a multiple of κ(Δ), and thus ∼ is reflexive.
We now claim that p ∼ q if and only if the lengths of all paths from p to q are multiples
of κ(Δ). Indeed this is a consequence of the following more general fact.
(∗) If B and B′ are equivalence classes and α1 and α2 are two paths with o(α1), o(α2) ∈ B and
t (α1), t (α2) ∈ B′, then |α1| ≡ |α2| mod κ(Δ).
Indeed, let pi = o(αi) and p′i = t (αi), i = 1,2. Let β (resp. β ′) be a path from p1 to p2 (resp. p′1
to p′2) such that |β| (resp. |β ′|) is multiple of κ(Δ) and let γ be a path from p′1 to p1. Since
βα2β ′γ and α1γ are oriented cycles, their lengths are multiples of κ(Δ), and hence so is the
difference of their lengths, which is |β| + |β ′| + |α2| − |α1|. Since |β|, |β ′| ≡ 0 mod κ(Δ), it
follows that |α1| ≡ |α2| mod κ(Δ).
Fix p0 ∈ Δ0 and for i = 0, . . . , κ(Δ) − 1 let Bi be the set of vertices q for which there exists
a path α from p0 to q with |α| ≡ i mod κ(Δ). In fact, (∗) implies that q ∈ Bi if and only if for
all paths α from p0 to q , |α| ≡ i mod κ(Δ). Since the quiver is strong, ⋃κ(Δ)−1i=0 Bi = Δ0.
We claim that {Bi}κ(Δ)−1i=0 are, with no repetition, all the equivalence classes. We need to
prove that p1 ∼ p2 if and only if p1,p2 ∈ Bi for some i. Property (∗) says that if p1 ∼ p2 then
p1,p2 ∈ Bi for some i. Conversely, assume that p1,p2 ∈ Bi for some i. Let α1 and α2 be paths
from p0 to pj , j = 1,2, and let γ be a path from p2 to p0. We have that |α1| ≡ |α2| ≡ i mod κ(Δ)
and since α2γ is an oriented cycle it follows that γ α1 is a path from p2 to p1 with length multiple
of κ(Δ) and thus p1 ∼ p2.
At this point, it is clear that the decomposition Δ0 = ⋃κ(Δ)−1i=0 Bi defines a κ(Δ)-necklace
structure in Δ. 
Corollary 4.7. If Δ is a strong oriented necklace, then
κ(Δ) = max{k: Δ is an oriented k-necklace}.
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m κ(Δ) and Remark 4.5 implies that m κ(Δ). 
This result does not hold for nonstrong necklaces. The examples below illustrate the situation.
The quiver on the left is not strong. For it κ = 4, but it is not a 4-necklace, it is only a 2-necklace.
The one on the right is strong with κ = 4 and it is shown as a 4-necklace.
4.3. Characterization of rigid strong quivers
Given an arbitrary quiver Δ with κ(Δ) 	= 0, there exist a finite sequence of oriented cycles
α1, . . . , αn and integers r1, . . . , rn such that
∑
ri |γi | = κ(Δ). If in addition the quiver is strong,
we have the following proposition.
Proposition 4.8. Let Δ be a strong quiver with κ(Δ) 1.
(1) For any vertex p, there are two oriented cycles α and β starting at p, such that |α| − |β| =
κ(Δ).
(2) If p and q are two vertices in a same κ(Δ)-bead, then for almost all multiples m of κ(Δ)
there exists a path α from p to q such that |α| = m.
Proof. (1) Let α1, . . . , αn be oriented cycles and r1, . . . , rn integers such that
∑
ri |αi | = κ(Δ).
For each i = 1 . . . n, let pi be a vertex of αi . Being Δ strong, let γi be a path joining pi with pi+1
for each i = 1 . . . n − 1. Let also γ0 be a path from p to p1 and γn be a path from pn to p.
Now let
α = γ0αr
+
1
1 γ1α
r+2
2 . . . γn−1α
r+n
n γn,
β = γ0αr
−
1
1 γ1α
r−2
2 . . . γn−1α
r−n
n γn,
where r+ = max{r,0} and r− = max{−r,0}. Clearly α and β are oriented cycles starting at p
and |α| − |β| = κ(Δ).
(2) Let γ be a path from p to q . Since p and q are in the same bead, then |γ | = rκ(Δ). By
part (1) there are two oriented cycles α1 and α2 starting at p, such that |α1| − |α2| = κ(Δ). Let
|α2| = lκ(Δ). For all a, b ∈N, α = αa1αb2γ is a path from p to q such that
|α| = a|α1| + b|α2| + |γ |
= (a(l + 1) + bl + r)κ(B).
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a(l + 1) + bl with a, b ∈N. This completes the proof. 
Proposition 4.9. Let Δ be an arbitrary quiver and let p be a vertex of Δ. Then κ(p) = κ(C),
where C is the strong component of p. In particular for any two vertices p and q in the same
strong component of Δ it holds κ(p) = κ(q).
Proof. On the one hand we already observed in Remark 4.5 that κ(C) divides κ(p). On the
other hand by the previous proposition κ(C) = |α| − |β| for some oriented cycles α and β
at p. Since by definition κ(p) divides |α| and divides |β| it follows that κ(p) divides κ(C) and
κ(p) = κ(C). 
We are now in a position to prove the main theorem of this section.
Theorem 4.10. Let Δ be a strong quiver with more than one vertex which is not a crown. Then
the following conditions are equivalent.
(1) Δ is rigid.
(2) Δ is an oriented necklace.
(3) κ(Δ) > 1.
Proof. Theorem 4.6 states that (2) is equivalent to (3). Proposition 4.3 states that (2) implies (1).
Finally to show that (1) implies (3) observe that if κ(Δ) = 1, then by Proposition 4.8 there exist
parallel paths α and β such that |α| − |β| = 1, that is Δ has 1-parallel paths and hence it is not
rigid. 
We are now interested in arbitrary quivers. To go farther in the characterization of rigid quiv-
ers, it is necessary to understand the set of medals of a given quiver. The next section is devoted
to this end.
5. On the existence of medals
The goal of this section is to find accurate conditions under which there exist medals. We will
first prove two results, Theorems 5.5 and 5.7 that combined give a complete description of the
set of medals of a given quiver Δ. As a consequence of them we give in Corollary 5.9 a criterion
to decide whether or not a given quiver Δ has medals by considering its condensed quiver ΔC .
Let us start by splitting the set of all medals of a given quiver Δ in two disjoint families,
according to the presence or absence of a pair of parallel paths admitting infinitely many consec-
utive movements in the same direction. At this point, it might be helpful to have in mind the two
examples given in Section 2.5.
Definition 5.1. Let Δ be a quiver and M a medal of Δ. We will say that M is a restricted medal
if any pair of parallel paths in M admits only a finite number of consecutive +movements and
only a finite number of consecutive −movements. We will say that M is an unrestricted medal
if it is not a restricted medal, that is if there is a pair of parallel paths in M admitting infinitely
many consecutive +movements or infinitely many consecutive −movements.
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Proposition 5.2. A medal M is unrestricted if and only if it contains a pair of the form (α, γ α)
or (α,αγ ) for a path α and an oriented cycle γ .
Proof. If γ is an oriented cycle then (α, γ α) admits infinitely many consecutive −movements
and (α,αγ ) admits infinitely many consecutive +movements; thus M is an unrestricted medal.
Conversely, if (α,β) ∈ M , with α = v1 . . . vm, β = w1 . . .wn, m < n, and (α,β) admits in-
finitely many consecutive +movements, then it follows that vi = wi for all i = 1 . . .m. Therefore
β = αγ , with γ = wm+1 . . .wn, and γ is an oriented cycle, since o(γ ) = t (wm) = t (vm) =
t (α) = t (β) = t (γ ). If (α,β) admits infinitely many consecutive −movements the argument is
analogous. 
5.1. Restricted medals
The main feature of a restricted medal M is the existence of a maximal pair of parallel paths
(α0, β0) in the quiver Δ that is contained in all pairs of M . In Example 1 of Section 2.5 the pair
(α0, β0) for the medal [(α1, β1)] is (w2w3δ,w2v3v4δ).
This pair can be thought as the responsible of restricting the possibility of performing in-
finitely many movements in the same direction to the paths of M .
Definition 5.3. Given two pairs of parallel paths (α,β) and (α0, β0), we say that (α0, β0) is
a factor pair of (α,β) if there exist arrows a1, . . . , ah and b1, . . . , bk ; h, k  0, such that
α = a1 . . . ahα0b1 . . . bk,
β = a1 . . . ahβ0b1 . . . bk. (5.1)
If M is a set of pairs of parallel paths, a common factor pair of M is a pair (α0, β0) that is a factor
pair of all pairs of M .
Lemma 5.4. Every restricted medal has a common factor pair.
Proof. Let [(α,β)] be a restricted medal and assume that α = v1 . . . vm, β = w1 . . .wn with
m < n. Then there exist some i = 1 . . .m such that vi 	= wi ; otherwise β = αγ which contradicts
Proposition 5.2. Let i0 be the smallest such i. Similarly, there exist some i = 1 . . .m such that
vm+1−i 	= wn+1−i and we set i1 as the smallest one.
If i0 m + 1 − i1 then (α,β) looks like
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wi0 . . .wn+1−i1 . Since (α0, β0) neither starts together nor ends together, it follows that (α0, β0)
is a common factor pair of [(α,β)].
If i0 > m + 1 − i1 then (α,β) looks like
with vm+1−i1 	= wn+1−i1 and vi0 	= wi0 . Let (α0, β0) be the pair
α0 = vm+1−i1u1 . . . urvi0,
β0 = wm+1−i1u1 . . . urδu1 . . . urwn−m+i0
with δ = wi0 . . .wn+1−i1 and
uj = vm+1−i1+j = wm+1−i1+j = wn+1−i1+j
for j = 1 . . . r , r = i0 − (m + 1 − i1) − 1 0. It is clear that (α0, β0) admits only r + 1 consec-
utive +movements and only r + 1 consecutive −movements. Note that both γ1 = u1 . . . urδ and
γ2 = δu1 . . . ur are oriented cycles. Therefore, although (α0, β0) do start and end together, any
+movement (resp. −movement) of it is of the form (α1, γ1α1) for some path α1 (resp. (α2, α2γ2)
for some path α2). This implies that (α0, β0) is a common factor pair of M , otherwise M would
contain a pair either of the form (α′1, γ1α′1) for some path α′1 or (α′2, α′2γ2) for some path α′2;
which is a contradiction according to Proposition 5.2. 
Let M be a restricted medal and let (α0, β0) be a maximal common factor pair of M , that is
a common factor pair of M that is not a proper factor pair of any other common factor pair of M .
Then (α0, β0) has the following properties:
P1. There exist pairs (δ1α0, δ1β0) ∈ M and (α0δ2, β0δ2) ∈ M and |δ1| = |δ2|, possibly zero.
Proof. This is a consequence of the maximality property of (α0, β0) and the fact that all pairs
in M have the same length. 
Let r = |δ1| = |δ2|.
P2. For any path δ′1 with t (δ′1) = o(α0) and |δ′1| = r , the pair (δ′1α0, δ′1β0) is in M ; and similarly,for any path δ′2 with o(δ′2) = t (α0) and |δ′2| = r , the pair (α0δ′2, β0δ′2) is in M .
Proof. After r consecutive −movements of (α0δ2, β0δ2) along δ′1 we reach (δ′1α0, δ′1β0). An
analogous argument work for (α0δ′2, β0δ′2). 
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and β0 cannot be part of any oriented cycle.
Proof. Let s be the maximum number of consecutive +movements that the pair (δ1α0, δ1β0)
obtained in item P1 admits (every pair in the medal M admits only a finite number of consecutive
+movements). If Rg+(t (α0)) = ∞, then it would exist a path δ, longer than s, starting at t (α0).
After at most s consecutive +movements of (δ1α0, δ1β0) along δ we would reach a +extreme not
ending at a sink, which contradicts that M is a medal. Thus Rg+(t (α0)) s < ∞. An analogous
argument proves that Rg−(o(α0)) < ∞. 
P4. Rg+(t (α0)) = Rg−(o(α0)) = r , in particular o(δ1) is a source and t (δ2) is a sink.
Proof. From P1 it follows that Rg+(t (α0)),Rg−(o(α0))  r . Suppose that there exists a path
δ = v1 . . . vr . . . vs , with s > r , staring at t (α0). From P2 we know that the pair (α0v1 . . . vr ,
β0v1 . . . vr ) is in M and, since s > r , it follows that it does not end at a sink and thus it is not
a +extreme. In particular, if α0 = a1 . . . am0 and β0 = b1 . . . bn0 , m0 < n0, then M contains the
pair
(a2 . . . am0v1 . . . vrvr+1, b2 . . . bn0v1 . . . vrvr+1).
Since (α0, β0) is a common factor pair of M , it follows that a1 is an arrow of
a2 . . . am0v1 . . . vrvr+1. This implies a1 is part of an oriented cycle, contradicting P3. 
P5. (α0, β0) is the unique maximal common factor pair of M .
Proof. If (α′0, β ′0) is any other such pair, then it has all properties above. Assume that α0 =
a1 . . . am0 , β0 = b1 . . . bn0 , α′0 = a′1 . . . a′m′0 and β
′
0 = b′1 . . . b′n′0 , with m0 < n0 and m
′
0 < n
′
0. We
have that (α0, β0) is a factor pair of (α′0δ′2, β ′0δ′2) and (α′0, β ′0) is a factor pair of (α0δ2, β0δ2).
Therefore there exist respectively a path with first arrow a′1 and last arrow a1 and a path with
first arrow a1 and last arrow a′1. This implies that a1 = a′1, otherwise we would have an oriented
cycle containing the arrows a1 and a′1 contradicting P3. Similarly we have b1 = b′1. Again, the
fact that the arrow a1 (resp. a′1) occurs only once in (α0δ2, β0δ2) (resp. (α′0δ′2, β ′0δ′2)) implies now
that (α0, β0) and (α′0, β ′0) are one a factor pair of the other one. By maximality, we conclude that
(α0, β0) = (α′0, β ′0). 
We are now ready to classify restricted medals.
Theorem 5.5. Let Δ be quiver and let
R=
{
(α0, β0)
∣∣∣∣∣
(α0, β0) is a pair of parallel paths, |α0| < |β0|;
o(α0) is a quasi-source, t (α0) is a quasi-sink
and Rg−(o(α0)) = Rg+(t (α0))
}
.
There exists a bijection Φ from the set of restricted medals of Δ to R given by:
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(2) if (α0, β0) ∈R and δ is any path starting at t (α0) of length Rg+(t (α0)), then Φ−1(α0, β0) =
[(α0δ,β0δ)].
Proof. From properties P3, P4 and P5 above it follows that Φ is a well-defined function with
values in R. If F is the function claimed to be Φ−1, properties P2 and P4 say that F ◦ Φ = id.
Conversely if (α0, β0) ∈ R, then from the fact Rg−(o(α0)) = Rg+(t (α0)) = r < ∞ it follows
that F(α0, β0) is a restricted medal and also that its maximal common factor pair is equal to
(α0, β0). This shows that Φ ◦ F = id. 
5.2. Unrestricted medals
The main feature of an unrestricted medal M is the presence of a crown of finite range in Δ
associated to M . This was illustrated in Example 2 of Section 2.5 and now emphasized in the
following lemma.
Lemma 5.6. A crown C in a quiver Δ is of finite range if and only if there exist a pair of parallel
paths of C such that its class is a medal, necessarily unrestricted, of Δ. In this case the class
[(α,β)], of a pair of parallel paths (α,β) of C, is a medal of Δ if and only if Rg(C) |α| < |β|.
Proof. First, it is clear that any pair of parallel paths of a crown admits infinitely many consecu-
tive +movements and hence a medal containing a pair of parallel paths of a crown is necessarily
unrestricted.
If Δ is a crown, every class in Δi//Δj , with 1 i < j , is a medal and thus there is nothing to
prove. Thus, assume that Δ is not a crown.
We first show that if Rg+(C) = ∞ (resp. Rg−(C) = ∞) then every pair of parallel paths
(α,β) of C is equivalent to a +extreme not ending at a sink (resp. −extreme not starting at
a source). In fact, if Rg+(C) = ∞, there exists a path δ leaving C such that |δ| > |α|. After
pushing (α,β) forward until o(δ) is reached and then pushing it forward |α| times along δ one
obtains a +extreme not ending at a sink. If Rg−(C) = ∞ the argument is analogous. We proved
that if there exist a pair of parallel paths of C such that its class is a medal, then C is of finite
range.
Now assume that C is of finite range and let us prove the second claim of the lemma. This, in
particular, will complete the proof of the first claim.
Let (α,β) be a pair of parallel paths of C with |α| < |β| and let δ be a path leaving C.
Again, after pushing (α,β) forward we may assume that t (α) = o(δ). It is clear that pushing
forward (α,β) along δ an extreme will be reached in exactly min{|α|, |δ|} +movements. The
same conclusion would have been obtained if δ were a path reaching C. Therefore, [(α,β)] is
a medal if and only if Rg(C) |α|. 
Assume that Δ is not a crown and let M be an unrestricted medal. Recall that we proved (see
Proposition 5.2) that M = [(α,β)] with β = γ α or β = αγ for some oriented cycle γ . Now it is
clear that (α,β) is equivalent to a pair of parallel paths (α′, β ′) of the underlying quiver Γ of γ .
Since γ is an oriented cycle, none of the vertices of Γ are sinks or sources. Therefore, since M
is a medal, one will never reach an extreme by moving (α′, β ′) inside Γ . In turn, Γ contains
a crown C as a subquiver and thus the pair (α′, β ′) can be pushed forward until an equivalent
pair (α′′, β ′′) of C is obtained. According to Lemma 5.6, C is of finite range and |α| Rg(C).
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and thus C is the only crown that contains a pair of M (and C = Γ ). In particular C is uniquely
determined by the medal M . Moreover, since two pairs of parallel paths of C are equivalent
if and only if they have the same lengths, the medal M is determined by C and the pair of
natural numbers (|α|, |β|). Taking into account that two parallel paths in a crown C(m) differ in
a multiple of m we obtain the following theorem.
Theorem 5.7. Let Δ be quiver that is not a crown and let C be the set of crowns of finite range
in Δ. There exists a bijection Φ from the set of unrestricted medals of Δ to the set C ×N0 ×N
given by:
(1) if M = [(α,β)] is an unrestricted medal of Δ, then ΦM = (C,a, k) where C is the unique
crown containing a pair of M , say of size m and range r , and (a + r, a + r + km) are the
lengths of (α,β);
(2) if (C,a, k) ∈ C × N0 × N, then Φ−1(C,a, k) = [(α,β)] where (α,β) is a pair of parallel
paths of C of lengths (a + r, a + r + km), where m and r are respectively the size and range
of C.
Proof. Part (1) is a consequence of the comments above the theorem and part (2) is obtained
from Lemma 5.6. 
5.3. The condensed quiver ΔC and the existence of medals of Δ
We conclude this section with a criterion to decide whether or not a given quiver Δ has medals
by considering its condensed quiver ΔC .
The following corollary summarize the results on the existence of medals of a given quiver.
Corollary 5.8. A quiver Δ has unrestricted medals if and only if it has a crown of finite range,
and has restricted medals if and only if it has a source and a sink joined by paths of different
lengths.
In Section 2.7 we recalled the definition of the natural projection ΠC :Δ −→ ΔC and the con-
cept of lifting of a path of ΔC . It is clear that p is a source (resp. sink) of Δ if and only if ΠC(p)
is a source (resp. sink) of ΔC , and in this case ΠC(p) = {p}. From the identity |ΠC(α)| = |α|,
it follows that j -parallel paths of Δ are mapped to j -parallel paths of ΔC . On the other hand,
if (μ, ν) is a pair of j -parallel paths of ΔC , with j  1, joining a source with a sink, then it is
always possible to choose pair of j ′-parallel paths (α,β) that lifts (μ, ν) joining the same source
and sink, possibly with j ′ 	= j , but still j ′  1. In other words, ΔC has a source joined with a sink
by paths of different lengths if and only if Δ does.
Now, if we mark in ΔC the vertices corresponding to strong components that are crowns in Δ,
we have the following corollary.
Corollary 5.9. A quiver Δ has unrestricted medals if and only if ΔC has a marked vertex of finite
range, and has restricted medals if and only if ΔC has a source and a sink joined by paths of
different lengths.
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whether or not a given quiver Δ is rigid by considering its condensed quiver ΔC . Unfortunately,
one loses the precise control needed for checking property (1) of Definition 3.2 when Δ is re-
placed by ΔC . The following example illustrates this situation. The condensed quivers of the
three quivers below coincide. They also share the same strong components.
It is thus necessary to develop a tool finer that the condensed quiver to study rigidity of ar-
bitrary quivers. This is achieved in next section by extending the notion of beads introduced in
Section 4.
6. The quiver of beads of Δ and rigidity
In Section 4 we introduced the concept of bead for quivers with a structure of an oriented
necklace. We now introduce the concept of bead for an arbitrary Δ and then associate to it the
quiver of beads of Δ, denoted ΔB .
Definition 6.1. Let Δ be quiver and let C1, . . . ,Cn be its strong components. A bead of Δ is
the set of all vertices of a strong component Ci with κ(Ci )  1, or the set of all vertices of a
κ(Ci )-bead of a strong component Ci with κ(Ci ) > 1.
Definition 6.2. Given a quiver Δ we associate to it a quiver ΔB , called the quiver of beads of Δ,
with the beads B1, . . . ,Bm of Δ as its vertices with an arrow from Bi to Bj , for each arrow in Δ
from a vertex in Bi to a vertex in Bj .
Clearly ΔB has fewer vertices than, but the same number of arrows as Δ. It can be seen as an
intermediate object between Δ and the condensed quiver ΔC , since the condensed quiver of ΔB
is also ΔC . There is a natural projection ΠB :Δ −→ ΔB , sending vertices to vertices and arrows
to arrows. The image of a strong component Ci of Δ is either
• a single vertex with no loops, if κ(Ci ) = 0;
• a single vertex with one or more loops, if κ(Ci ) = 1;
• a κ(Ci )-crown-shaped quiver with multiple arrows, if κ(Ci ) > 1.
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and in this case κ(C) = κ(ΠB(C)). In particular, a vertex p is a source (resp. sink) of Δ if and
only if {p} is a source (resp. sink) of ΔB .
Remark 6.3. Let Bi be a bead of a quiver Δ. When considered as a subset of Δ, we know that
κ(p) = κ(q) for any pairs of vertices p and q of Bi . In fact Bi is contained in a single strong
component C of Δ and κ(p) = κ(C). Having observed that κ(C) = κ(ΠB(C)) and recalling that
κ(Bi ) = κ(ΠB(C)) by definition, it follows that κ(Bi ) = κ(C). That is the value of κ of a given
bead, as a vertex of ΔB , coincides with the value of κ of any of its vertices, as a subset of Δ.
The projection ΠB extends to a projection of paths as well. If α is a path of Δ, clearly
|ΠB(α)| = |α|. Observe that given a path β = v1 . . . vr of ΔB there may not be any path α
of Δ such that ΠB(α) = β . However, there is always a path α of Δ such that ΠB(α) is equal
to β up to oriented cycles, that is
ΠB(α) = v1 . . . vi1γ1vi1+1 . . . vi2γ2vi2+1 . . . vik γkvik+1 . . . vr (6.1)
for some oriented cycles γj of ΔB and some 0 i1 < · · · < ik  r .
Definition 6.4. Given a path β = v1 . . . vr of ΔB , a path α of Δ satisfying (6.1) is called a lifting
of β .
We compare now the rigidity of Δ with that of ΔB .
Proposition 6.5. A quiver Δ admits medals if and only if ΔB admits medals.
Proof. Both quivers Δ and ΔB have the same condensed quiver. By Corollary 5.9 the existence
of medals of a given quiver can be read off from its condensed quiver, hence Δ and ΔB do have
or do not have medals simultaneously. 
Let us now investigate how the existence of 1-parallel paths in ΔB is related to the existence
of 1-parallel paths in Δ. In one direction we already observed that if Δ has a pair of 1-parallel
paths, their projection is a pair of 1-parallel paths of ΔB . On the other direction we have the
following results.
Proposition 6.6. Let Δ be a quiver, μ = v1 . . . vn−1 a path of ΔB and B1, . . . ,Bn its vertices. Let
κi = κ(Bi ).
(1) If κi = 0 for all i, then there exists a path α of Δ such that ΠB(α) = μ.
(2) If κi  1 for some i and κ0 = gcd{κ1, . . . , κn}, then for almost all multiples m of κ0, there
exists a lifting α of μ with |α| = |μ| + m.
Proof. If v and w are two arrows of Δ such that ΠB(t (v)) = ΠB(o(w)) in ΔB , then t (v)
and o(w) belong to the same bead Bi of Δ. If κi = 0, then Bi consist of a single vertex and
t (v) = o(w).
The first item follows by taking α = v1 . . . vn−1.
2846 L. Cagliero, P. Tirao / Journal of Algebra 320 (2008) 2827–2846Assume κi  1 for some i. In case t (v) 	= o(w), there is path α, of the strong component
of Bi , from t (v) to o(w), whose length is a positive multiple of κi . Moreover, by Proposition 4.8
one can choose α such that its length is Mκ , for any M M0. Now vαw is a path of Δ lifting
the path vw of ΔB . Recursively one finds a lifting of β , whose length L can be choose to be any
positive combination of κi ’s,
L = M1κ1 + · · · + Mrκr,
with Mi M . One can obtain in this way all multiples mκ0, for any mm0. 
Corollary 6.7. Let (μ, ν) be a pair of j -parallel paths of ΔB . Assume that both μ and ν pass
through vertices with κ  1. Then there is a pair of j -parallel paths (α,β) of Δ lifting (μ, ν).
Proof. Since μ has a vertex with κμ  1 we can choose a lifting α of μ such that |α| =
|μ| + mκμ, for any large m. In the same way we can choose β , a lifting of ν such that
|β| = |ν| + nκν , for any large n and such that β is parallel to α.
By choosing m = Rκν and n = Rκμ with R as big as necessary, ||α| − |β|| = ||μ| − |ν||. 
We are ready to prove one of our main results. This is a powerful tool to decide whether a
given quiver is rigid or not
Theorem 6.8. Let Δ be a quiver and ΔB its quiver of beads. Then Δ is rigid if and only if ΔB is
rigid.
Proof. Having proved Proposition 6.5 it only remains to show that given a quiver Δ with no
medals then Δ has a pair of 1-parallel paths if and only if ΔB has a pair of 1-parallel paths. If
(α,β) is a pair of 1-parallel paths of Δ, (ΠB(α),ΠB(β)) is a pair of 1-parallel paths of ΔB .
Conversely, let (μ, ν) be a pair of 1-parallel paths of ΔB . The origin and the end of (μ, ν)
cannot be respectively a source and a sink simultaneously since Δ has no medals. Thus we
may assume that both μ and ν have some vertex with κ  1, extending the paths if necessary. By
Corollary 6.7 there exist a pair of 1-parallel paths of Δ lifting (μ, ν) and the theorem follows. 
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